Abstract. In this paper, we prove a well-posedness theorem for the massive wave equation (with the mass satisfying the BreitenlohnerFreedman bound) on asymptotically anti-de Sitter spaces. The solution is constructed as a limit of solutions to an initial boundary value problem with boundary at a finite location in spacetime by finally pushing the boundary out to infinity. The solution obtained is unique within the energy class (but non-unique if the decay at infinity is weakened).
Introduction
In [1] , the author obtained uniform global bounds for a class of solutions to the massive wave equation
on any black hole spacetime suitably close to a slowly rotating Kerr-AdS solution provided the spacetime admitted a Killing field on the black hole exterior which is everywhere causal and null on the horizon. The more elementary issue of wellposedness of (1) on these backgrounds was not discussed in the aforementioned paper. Instead, we assumed the existence of solutions to (1) arising from suitably regular initial data and exhibiting a sufficiently strong decay at null-infinity for our argument to work. The main purpose of this paper is to prove the existence of such solutions, indeed, the well-posedness of a suitable initial value problem. We direct the reader to section 8.4 of [2] and to the previous paper [1] for further background. We also refer to the recent work of Vasy [3] for related local and global well-posedness results on asymptotically AdS spacetimes (including a detailed description of the propagation of singularities) using in particular tools from microlocal analysis.
The reason that even the well-posedness question is non-trivial arises from the fact that asymptotically AdS spacetimes are not globally hyperbolic. To make hyperbolic equations like (1) well-posed on such backgrounds, in general, boundary conditions will have to be imposed on the timelike boundary at infinity, commonly referred to as "scri" and denoted I. It turns out that existence and uniqueness is particularly subtle in the range of "negative mass" 0 < α < The actual construction of the solutions is carried out in what we will call an asymptotically AdS patch near infinity. This is sufficient because the wellposedness statement for the boundary initial value problem in the patch can then be combined with elementary global considerations involving domain of dependence arguments (cf. section 8.1) to establish a spatially global well-posedness statement for a suitable class of spacetimes.
With such an asymptotically AdS patch being fixed, note that the boundary initial value problem with the boundary located somewhere inside the spacetime patch can be solved using standard techniques, as the weights in r (r being a radial coordinate) remain bounded everywhere. With this in mind, we construct a sequence of timelike boundaries B i which approach the timelike hypersurface I in the limit i → ∞ and consider the sequence of solutions S i associated with each initial boundary value problem. Now the crucial observation is that actually, stronger r-weighted norms than the ones arising from the energy are propagated by the equation. In this way, we establish improved uniform (in i) r-weighted estimates for each solution S i . Finally, we compare two such solutions in the region where they are both defined and establish convergence in the energy norm using the improved uniform estimates mentioned above.
Here is an outline of the paper. In section 2 we define the notion of an asymptotically AdS patch near infinity (which, in particular, imposes suitable decay assumptions on the metric) which provides the arena in which we are going to prove the well-posedness statement. Section 3 defines various r-weighted Sobolev norms that we are going to use. Certain elliptic estimates on spacelike slices, which will be used later in the argument, are derived in section 4. After defining the class of initial data in section 5, the main theorem is stated in section 6. Its proof is reduced to a key proposition, Proposition 6.1, which we prove in section 7 using the limiting procedure outlined above. In the final section 8, we globalize our well-posedness result in the asymptotically AdS patch to a spatially global statement for a suitable class of spacetimes (cf. section 8.1). As an afterthought we also discuss the regularity of the metric required in the case of spherical symmetry. This will be important for the applications of this paper to the non-linear setting of [6] .
Asymptotically AdS spacetimes
From the extensive literature on asymptotically AdS spacetimes (cf. for instance [7, 8] ), we are going to distill the following definition, which is most useful for our purposes. It is to be thought of as defining a patch of spacetime near the timelike boundary at infinity. Definition 2.1. We call the Lorentzian manifold D , g an asymptotically AdS spacetime patch with cosmological constant Λ = − 3 l 2 if the following holds:
It is covered by a coordinate system (t, r, x i , y i ) (i = 1, 2 being two coordinate patches covering the spheres) such that hypersurfaces of constant t foliateD and are spacelike. We denote them byΣ t . Moreover, any surfaceΣ t is itself foliated by 2-spheres S 2 t,r . The boundary of the regionD is given by the sliceΣ 0 (in the past), the sliceΣ T (in the future) and the timelike hypersurfaceB 0 , which is generated by the integral curves of the vectorfield ∂ t emanating from the sphere S 2 0,R . Finally, all hypersurfaces of constant r are timelike inD.
(II) In the coordinates (t, r, x i , y i ), the metric g, which is assumed to be smooth, has the following asymptotic behavior (A, B ∈ {x i , y i }):
where / g S 2 denotes the standard metric on the round 2-sphere. For the inverse
We assume similar decay for derivatives of the metric functions with each r-derivative lowering the powers of r by one. For instance,
Remark 2.1. Note that the Kerr-AdS metric in the standard Boyer-Lindquist coordinates does not obey the fall-off imposed by (II). However, one can do a coordinate transformation [7] leading to a system which admits the decay stated above. For the purpose of the existence proof below, one can in fact work with much weaker decay but we will not spell out the minimal assumptions here.
Remark 2.2. With these assumptions on the metric one shows that there exist future complete outgoing null-geodesics inD which emanate fromΣ 0 . The limit endpoints of such geodesics are not inD but they can, at least formally, be parametrized as (t, r = ∞, x i , y i ), an ideal timelike boundary commonly referred to as I.
For future reference, we also collect the estimates for the spactime volume form and the volume form induced on the slicesΣ t . This can be computed from (II) above. For convenience, we choose the coordinates x i , y i on the S and
respectively (while in general, "1" is to be replaced by / g S 2 ). Here and in the following, C denotes a uniform constant depending only on the background (D, g), which we will from now on regard as being fixed.
The boundaries B i
Let r i = 2 i · R for i a non-negative integer and R ≥R a large constant. Let us define the restrictions
The domain D (for a suitable choice of R, which will me made below and depend only on the fixed asymptotically AdS spacetime patch (D, g)) is the domain in which we are going to prove a well-posedness statement below. Consider next the integral curves of the vectorfield ∂ t emanating from Σ 0 ∩ {r = r i }: They generate a three-dimensional timelike hypersurface of constant r = r i , which we will call B i . As r i → ∞, the ideal boundary I is approached.
A computation reveals that
• the spacelike hypersurfaces Σ t have normal
with the estimate r 3 |a| + r 2 |b| + r 4 |c A | ≤ C.
• the timelike hypersurfaces B i have normal
with the estimate r
We denote by D i the subset of D that lies to the the inside of the cylinder
Approximate Killing fields near infinity
We have the following formula for the deformation tensor of a vectorfield X:
Using the decay of the metric components near infinity one deduces that the vectorfield ∂ t is approximately Killing near infinity, in the sense that its deformation tensor satisfies
The norms
For any real number s and n = 0, 1, 2 we define the weighted Sobolev spaces
with the norms defined as follows:
where dω = dxdy, and | / ∇ψ| 2 denotes the norm induced on the S 2 t,r with / ∇ being the gradient of the induced metric. Note that in view of the closeness assumptions on the metric, the angular norm using the actual induced metric is equivalent to the one using the round metric.
Remark 3.1. The reader should note that, at least for s = 0, these norms have their origin in the standard energy estimate arising from the approximate Killing field ∂ t , cf. (43) and (45). For instance, one easily sees
The additional r-weight is motivated by certain weighted elliptic estimates to be proven later.
Some elliptic estimates
An important element of the proof will be (weighted) elliptic estimates derived from the elliptic part of the wave operator on the spacelike slices Σ τ . Such estimates will allow us to essentially estimate all derivatives from estimates on the time derivatives. The difficulty here lies in the understanding of the admissible r-weights. 
In view of the condition on the derivatives of χ i ,
AdS (Σ) and moreover,φ i is of compact support. In addition, Recall that C is a uniform constant depending only on the fixed asymptotically AdS spacetime.
AdS (Σ τ ) we have the Hardy inequality
provided that R (defining Σ τ in (5)) is chosen sufficiently large depending only on the fixed asymptotically AdS spacetime. Here c > 0 is a uniform constant.
1 The series
AdS (Σ). This implies that the sequence of partial sums
is Cauchy. Thus for any ǫ > 0 there exists an N , such that
Proof. Since the functions of compact support are dense in H 1,s AdS (Σ τ ), it suffices to establish the estimate for this class. In that case, there is no boundary term at infinity in the integration by parts. Hence we find using Cauchy-Schwarz (and the fact that the boundary term at r = R has a good sign)
where G s satisfies ∂ r G s = r s √ g. The Lemma now follows by observing that with the asymptotics of the metric we have |G s | ≤ r 3+s 3+s + Cr s ln r and hence
in D, provided R is chosen sufficiently large.
The next proposition regards the solutions to an elliptic equation. The operator is the elliptic part of the wave operator:
with Roman indices ranging over r, x, y and α < 
provided that R is sufficiently large depending only on the fixed asymptotically AdS spacetime.
Remark 4.1. Observe that membership in the space H
2,s
AdS (Σ τ ) already imposes strong r-decay at infinity. The solution is non-unique if this decay is weakened. For instance, one checks that for α = 2 and g being the pure-AdS metric (with l = 1, say) ψ = c1 r + c2arccot(r) r defines a two parameter family of solutions to Lψ = 0 with both branches decaying to zero. Hence there is non-uniqueness of (ELP ) in the class of solutions vanishing at infinity (while only the c 2 -branch lives in H 2,0
Proof. The solution may be obtained as a sequence of solutions to the finite problem
The existence of a unique H 2 -solution to (ELP i ) is obtained by standard methods as Σ i τ is compact, the weights in r are bounded and the operator L has trivial kernel, cf. footnote 2). We will show that any H 2 -solution to (ELP ) i satisfies the weighted estimate
for a uniform C s not depending on i. To show (22), we first establish
Integrating by parts yields
for any ǫ > 0. Note that the boundary terms vanish in view of ψ i = 0 at both boundaries. For the last line in (24) we observe that |∂ t g tr √ g | ≤ The inequality (23) would follow if we can absorb the last two lines of (24) (and the ǫ-term on the left) by the positive derivative terms in the second line. For s = 0, this is immediate by Lemma 4.2: One uses the "good" derivative term on the left of (15) to absorb (exploiting the strong r-decay as a smallness factor) the ψψ r -terms arising from the last line in (24), while the angular derivatives in the second line (and again the good term in Lemma 4.2) absorb the terms of the form ψψ A . Finally, the terms of the form ∂ A ψ∂ r ψ are absorbed in a similar fashion. Note that ǫ → 0 for s → √ 9 − 4α. With (23) established for s = 0, it suffices to absorb zeroth order terms in (24) which have stronger r-weights than r 2 ψ 2 i drdω, since the latter are already controlled by the estimate for s = 0. In particular, for s ≤ 2, it suffices to show the Hardy inequality
Repeating once more the proof of Lemma 4.2 one finds that this holds for s < √ 9 − 4α. This establishes (23) for s < min 2, √ 9 − 4α . But then, if √ 9 − 4α ≥ 2 it suffices to absorb zeroth the zeroth order terms in (24) (23) is then fairly standard. We sketch the argument of Evans [9] (pp 317). Consider the tangential part of L,
One can construct a finite differences approximation of v i , which is seen to be in H 1 0 Σ i τ because ψ vanishes on the boundary and only "derivatives" (finite differences) tangential to the the boundary are involved. To emphasize the meat of the argument, we will work with v i itself and pretend we have enough regularity to justify the following integration by parts (see [9] for the computation in terms of the finite differences approximation). We integrate the first term in the identity
by parts, moving the angular derivative in v i onto ψ i . This establishes
where we used that ψ i and first derivatives of ψ i are already controlled in the weighted norm (23) and that one can always borrow a little bit of the v i -norm from the main term on the left of (27). Finally, one estimates the missing rr-derivative from writing g rr ∂ r ∂ r ψ i = Lψ + terms already estimated by (23) and (27)
to prove the full (22). We now show that our sequence of solutions ψ i to the problem (ELP i ) convergences strongly in H
AdS to a solution of the original problem (ELP ). For this we consider the difference of two solutions ψ i,k = ψ i − ψ i+k for any k ≥ 0. The latter satisfies Lψ i,k = 0 in the region Σ i τ , ψ i,k = 0 on r = R, while at r = 2 i R the quantity ψ i,k is equal to the trace of the solution ψ i+k on this boundary. We introduce the following cut-off version of ψ i+k : For any k ≥ 0, ψ
It follows that we have L ψ i,k − ψ
, with the quantity in the brackets satisfying trivial boundary conditions on both boundaries. From this equation one derives (as before) the estimate
for any k > 0. We estimate the last term by settings = s + 1 2 √ 9 − 4α − s < √ 9 − 4α and estimating
for any k ≥ 0, where the uniform estimate (22) has been used. Clearly, the right hand side goes to zero as i → ∞. This establishes the existence of an H 2,s -solution to problem (ELP). Finally, we show that any solution to (ELP ) living in H
AdS (Σ τ ) is unique. For this we have to show that (ELP) for F = 0 admits only the zero solution. Consider the difference of two solutionsψ = ψ 1 − ψ 2 , which satisfies Lψ = 0 and vanishes at infinity and at the boundary. Multiply this by √ gψ and integrate by parts over Σ i τ . This yields (repeating the computations above) ψ
where the terms on the right appear from estimating the boundary term at r = 2 i R arising in the integration by parts. Since ψ 1 , ψ 2 are in H
2,0
AdS (Σ τ ), the right hand side goes to zero as i → ∞ establishing thatψ = 0.
For the finite problem with non-trivial boundary conditions we can show Proposition 4.2. Let F ∈ H 0,s (Σ τ ) and u ∈ H 2,s (Σ τ ) for any 0 ≤ s < √ 9 − 4α be given. Then on any spacelike slice Σ i τ ⊂ D, the elliptic problem
provided that R (defining D as in (5)) is chosen sufficiently large depending only on the fixed asymtotically AdS spacetime.
Note that the trace of u on the boundary is well-defined in (32). Note also that in the limit as i → ∞ one obtains the result of the previous proposition.
Proof. Define the functionũ = (1 − χ i−1 (r)) u, where χ i is the cut-off function defined in the proof of Lemma 4.1. Note thatũ vanishes for r ≤ 2 i−1 R and agrees with u for r ≥ 2 i R. Moreover, ũ H
2,s
AdS (Στ ) ≤ C u H
AdS (Στ ∩{r≥2 i−1 R}) . We can hence consider the problem L (ψ −ũ) = F − Lũ with trivial boundary conditions, which has already been dealt with in Proposition 4.1.
We will, from now on, regard the constant R (and hence the domain D, cf. (5)) as fixed, in particular so that all results of section 4 are true. 
Note that with the assumptions on v and w, the right hand side of (34) is in fact in H 0,2 AdS (Σ 0 ). By Proposition 4.1 we obtain that u ∈ H 2,s AdS (Σ 0 ) for any 0 ≤ s < min √ 9 − 4α, 2 with the estimate
. (35) We now define a sequence approximating the data. Namely, since v ∈ H
1,0
AdS (Σ 0 ) and w ∈ H 0,−2 AdS (Σ 0 ), we can approximate v and w by a sequence of smooth functions of compact support, v n , w n in their respective spaces. The associated (by (34)) solution u n then converges to u in H 2,s AdS (Σ 0 ). Note that u n does not have compact support. We summarize this as
In particular, the estimate (35) also holds for the approximating sequence. 
The theorem
Let (D, g) be an asymptotically AdS spacetime patch as defined in section 2 and recall that R has been chosen such that the estimates of section 4 hold. Given an H 2 -initial data set (u, v, w), consider the following initial boundary value problem with Dirichlet boundary conditions:
We have the following well-posedness statement: Theorem 6.1. Let α < . Given an H 2 -initial data set (u, v, w), there exists a solution ψ (t, x) to the initial boundary value problem P in D with the
AdS (Σ τ ) for any 0 ≤ s < min 2, √ 9 − 4α and satisfying the estimate
Theorem 6.2. Under the assumptions of Theorem 6.1, the solution ψ is unique within the class of functions in
We will prove Theorem 6.1 by proving the same statement for any member of the sequence of approximating data, (u n , v n , w n ) → (u, v, w), and then argue by density. Theorem 6.3. The statement of Theorem 6.1 is true for any member of the approximating sequence (u n , v n , w n ) → (u, v, w). In particular, the constant C s in (38) does not depend on n.
Clearly, Theorem 6.3 implies Theorem 6.1. The former will in turn be proven as follows. Fix n. We extend the function u n from Σ 0 to D by imposing that it is constant along the integral curves of ∂ t . We will call this function also u n . Consider then the sequence of boundary initial value problems
with i so large that v n , w n are not supported for r ≥ 2 i R. For P i we prove Proposition 6.1. The (smooth, unique) solution to each P i satisfies the estimates
in D i . For the difference of two solutions,ψ i,k = ψ i − ψ i+k , we have for any k > 0 and any 0 ≤ s <s < √ 9 − 4α the following estimate in D i :
Assuming the validity of the Proposition, we can prove Theorem 6.3. Indeed, for fixed n the square bracket in (42) is bounded, since v n , w n are of compact support. Hence, together with the factor multiplying the bracket, the right hand side goes to zero as i → ∞. It follows that the sequence of solutions ψ i is Cauchy and converges to a solution of problem P for the initial data (u n , v n , w n ), thereby establishing Theorem 6.3.
It remains to prove Proposition 6.1 and the uniqueness assertion of Theorem 6.2. This is carried out in the following section.
7 Proof of Proposition 6.1 and Theorem 6.2
Since the region D i is compact, standard theory produces a unique smooth solution. The only difficult part is to derive the three estimates, in particular, the correct r-weights appearing in them. We introduce the energy momentum tensor of the field ψ,
Since the divergence of T µν [ψ] vanishes for solutions to the wave equation, it implies for any spacetime vectorfield X the energy identity
Integrated over the spacetime region D i this takes the form
Lemma 7.1. The solution to P i satisfies the estimate
for a uniform C. The term in the second line can be dropped if ∂ t is Killing.
Proof. Apply identity (45) with X = ∂ t . The boundary term on both B 0 and B i vanishes in view of the Dirichlet boundary conditions. For the wrong-signed zeroth order term on Σ i τ we invoke the Hardy inequality (cf. Lemma 4.2)
where the last term enters from estimating the boundary term S 2 t,r i r 3 i ψ 2 i dω which arises in the integration by parts: We use that ψ i is equal to the trace of the function u n on B i by the boundary condition imposed.
Next we commute with the vectorfield ∂ t . We note (cf. the appendix of [2] ) Lemma 7.2. Let ψ be a solution of the equation g ψ = f and X be a vectorfield. Then
Applying the Lemma with X = ∂ t and using the decay assumptions on the deformation tensor and its derivatives, we obtain the analogue of (46):
The boxed term arises from the commutation error-term of Lemma 7.2. The entire second line vanishes if ∂ t is Killing.
Observe that this estimate does not involve the last term in (46). This is because ∂ t ψ i vanishes in the trace sense on both boundaries B 0 , B i and hence the boundary terms in the Hardy inequality for ∂ t ψ i all vanish.
Note also that the L 2 -norm of ∂ t ψ on the left hand side now has a stronger r-weight than in (46): The latter only controls (∂ t ψ) 2 drdω while the right hand side of (48) controls (∂ t ψ) 2 r 2 drdω. The missing derivatives on the left of (48) are obtained via elliptic estimates for the solution. We write the wave equation g ψ + α l 2 ψ = 0 as
where the operator L was defined in (18) and
Using the asymptotic behaviour of the metric coefficients, we obtain that
holds for any s ≤ 2. Hence from Proposition 4.2 we conclude (taking into account that ψ i is equal to the trace of the function u n on the boundary)
for any s < min 2, √ 9 − 4α , where the constant may blow up as s approaches this value. For the last term we can invoke the estimate (35). Finally, adding the estimates (51), (48) and (46) we obtain the first estimate of Proposition 6.1 after applying Gronwall's inequality. The second estimate of Proposition 6.1 follows by commuting the wave equation once more with ∂ t . This will produce (cf. Lemma 7.2)
with the right hand side vanishing in the case that ∂ t is Killing. In general we have the error-estimate
as a consequence of the asymptotic decay of the metric and the fact that any term containing three derivatives must have at least one ∂ t -derivative in it. With this we obtain the analogue of (48),
where all terms on the right hand side except the first two in the third line would vanish if ∂ t is Killing. The term u n H
2,0
AdS (Σ i 0 ) may be dropped in view of (35). Turning to the elliptic estimate, this time derived from
we produce the analogue of (51),
Note that the last term in (51) is absent for (56). This is because ∂ t ψ i vanishes on B i (whereas ψ i did not). Combining (54) and (56) one arrives at (41) after applying Gronwall's inequality. It remains to derive estimates for the difference of two solutions. For this, we will first establish (62). Another commutation and the same argument repeated will eventually yield (42).
For any k > 0, the difference of two solutions arising from problem P i and P i+k respectively satisfies
in D i . The initial data is vanishing, as is the boundary data on B 0 . The boundary data on B i , on the other hand, is equal to u n | Bi minus the trace of the solution P i+k induced on that boundary. Hence we will obtain the energy estimate
For the boundary term in (58) we will use that every ψ i is in H 
From this we derive the estimate
Note that the right hand side goes to zero for i → ∞, since the square bracket is uniformly bounded from initial data by the first estimate of Proposition 6.1. The only difficult term to control in order to obtain the previous estimate is the last term in (59), with the contraction taken in r. It is estimated Di\Di−1
Remark 7.1. Note that, while being of the same order of derivatives, the term in the second line of (61) cannot be controlled by the energy norm we are estimating on the left hand side of (58) as the r-weight of that term is too strong.
Indeed, the first order energy only controls ∂ tψi,k 2 dr dω, whereas the ∂ tcommuted energy controls in particular ∂ tψi,k 2 r 2 dr dω as a zeroth order being as large as required for the results of this paper to apply. Since Theorem 6.1 obviously also holds with non-trivial Dirichlet data imposed at r = R, we can apply it to produce a solution in the full M ∩ J + (Σ 0 ). Alternatively, if one wants to apply Theorem 6.1 directly (trivial boundary conditions at r = R), one can decompose any given data set into a set supported for r < 3R and another supported for r > 2R only, such that their sum equals the original data. For the latter set one applies Theorem 6.1: By finite speed of propagation the solution is actually zero in a neighborhood of r = R for small times and hence may trivially be extended by zero to the left. For the first set, the solution in the domain of dependence can -for small times -be trivially extended to zero in a neighborhood of null-infinity. Adding the two solutions and using the linearity of the wave equation one produces the desired global solution for the given data in a small time interval. In fact, is is not hard to see that the result holds for any asymptotically AdS spacetime with interior global causal structure similar to one of the cases above.
Spherical Symmetry
The results proven here will be applied in a non-linear spherically-symmetric context in [6, 10] . With that in view, let us examine the regularity assumptions on the metric required for Theorem 6.1. Revisiting the proof carefully, we observe that the constant C s in the estimate of Theorem 6.1 (and in (40) respectively) depends only on second derivatives of the metric (while the constants C, C s in the higher order estimates (41) and (42) require three derivatives). More precisely, the metric should be C 1 and we need to be able to estimate the error arising from one commutation with the vectorfield ∂ t , C [∂ t ψ], which generically involves two derivatives of the metric. In the spherically symmetric application we have in mind, the metric will be written in null-coordinates u, v as
with r (u, v) being the area radius and appropriate asymptotic conditions on Ω and r ensuring that the metric is asymptotically AdS. One shows that in this setting the components of the deformation tensor of the vectorfield ∂ u +∂ v (=∂ t ) are
Evaluating the expression from Lemma 7.2 we obtain
+terms involving one-derivative of ψ and/or the metric
In particular, we note that the expression does not involve second derivatives of Ω (but, of course, second derivatives of r). It follows that in the spherically symmetric case, for metrics of the form (72), Theorem 6.1 holds assuming that r is C 2 and Ω is C 1 .
